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NUMERICAL STUDY OF FROUDE NUMBER AND SUBMERGENCE 
RATIO AND THEIR AFFECT ON HYDRAULIC JUMP FLOW PATTERNS 
FOR A BACKWARD FACING STEP 
 
Kurt Smithgall 
S2O Design & Engineering, United States, krsmithgall@gmail.com  
 
Abstract: The surface recirculation region (SRR), or roller of a conventional hydraulic jump, can 
pose a safety hazard to recreational river users. In contrast, for an undular hydraulic jump (UHJ), 
the recirculation region lies submerged on the channel bed and does not pose the same risk. For a 
river engineer designing whitewater parks, it is crucial to know the conditions of undular hydraulic 
jump formation at instream structures; it can mean the difference between life and death for 
recreational river users. However, most existing literature has established conditions of UHJ 
formation only for the case of a plain bed rectangular channel, which is a situation that does not 
realistically represent whitewater park situations. Thus, there is a need to determine conditions of 
UHJ formation for instream structures commonly used in whitewater park design. This work 
utilizes computational fluid dynamics (CFD) to explore conditions of undular hydraulic jump 
formation where an instream structure is represented as a backward facing step. The CFD toolbox 
OpenFOAM was used with the interFOAM Volume of Fluid (VOF) solver, and different Reynolds 
Averaged Navier Stokes (RANS) turbulence models.  This research studied the relationship 
between upstream Froude number and submergence ratio to systematically investigate the limits of 
undular hydraulic jump formation and to identify zones that produce each of the 5 subtypes of 
hydraulic jumps, focusing on those that are most desirable for whitewater parks.   
 
Keywords: Undular Hydraulic Jumps, Recreational Hydraulics, Computational Fluid Dynamics. 
 
INTRODUCTION 
Recreational river usage has been steadily increasing since 1998 (RPI CONSULTING INC 
2006). In 2014, over 20 million users participated in some form of recreational paddlesport (THE 
OUTDOOR FOUNDATION 2015). Of the larger paddlesport group, 5.6 million users participate in 
either whitewater kayaking or rafting (THE OUTDOOR FOUNDATION 2015). Economic impact 
analyses have shown that there is a significant return on investment for the construction of a 
whitewater park near urban areas. Colorado is the state leading the way with the largest number of 
constructed whitewater parks (BRAAK 2012; PODOLAK 2012; RPI CONSULTING INC 2006). The 
primary attraction of any whitewater park is the hydraulic jumps created for the river users. The 
design engineer’s task is to create a hydraulic structure that for a range of flows creates a hydraulic 
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jump of recreational value without being dangerous. Little literature exists about guidelines for safe 
recreational hydraulic jumps. One example, from URBAN DRAINAGE AND FLOOD CONTROL DISTRICT 
(2016), is overly restrictive stating that the incoming Froude number (Fr) must be less than 1.5 at 
the toe and the slope of the structure must be less than 0.1. 
For large, constructed recreation channel projects such as Olympic venues, physical 
modeling is the preferred method used to evaluate the hydraulic design (GOODMAN AND PARR 
1994). Advancements in computing power allow the use of numerical methods (CAISLEY ET AL. 
1999). On a smaller scale, typically hydraulic structures are designed for energy dissipation where a 
large, SRR is desired. However, large SRR’s can create conditions that “trap” swimmers or even 
river users in their boats, similar to conditions at a low head dam. Therefore, it is useful to know 
when hydraulic jumps occur that do not produce a roller specifically when a hydraulic jump is 
either in an undular (wave train) or maximum wave (W jump) form (OHTSU AND YASUDA 1991). 
Numerous hydraulic studies have been performed where flume experiments are used to classify 
distinct subtypes of hydraulic jumps based on their hydraulic properties. (CHOW 1959) used 
incoming Froude number to discretize five different types: undular (1< Fr < 1.7), weak (1.7 < Fr < 
2.5), oscillating (2.5 < Fr < 4.5), steady (4.5 < Fr < 9.0), and strong hydraulic jumps (Fr > 9.0). 
(RAJARATNAM 1966) categorized different types of hydraulic jumps in sloping channels based on 
recirculation region and conjugate depth. RYABENKO (1990) studied different undular jump profiles 
and conditions for existence.  CHANSON (1993, 1996) has performed multiple studies on conditions 
of UHJ formation and categorized specific subtypes of UHJ’s (CHANSON AND MONTES 1995).  
KAWAGOSHI AND HAGER (1990), OHTSU AND YASUDA (1991)  and MOSSA ET AL. (2002) studied 
hydraulic jumps at abrupt drops, also referred to as backward facing steps.  Where KAWAGOSHI AND 
HAGER (1990) focused on wave type flow. OHTSU AND YASUDA (1991) studied the effect of step 
height.  MOSSA ET AL. (2002) studied the effect of tailwater height on the type of hydraulic jump 
and showed hydraulic jumps exist on a continuous spectrum and at certain flow conditions can 
oscillate between two types.  
While most of the research on hydraulic jump flow patterns and characteristics have utilized 
physical modeling, numerical methods are becoming more popular. Advances in computing power, 
allow the use of numerical models to predict time-averaged properties of hydraulic jumps 
accurately. Both commercial and open-source models exist and agree well with physical model 
results (BAYON-BARRACHINA AND LOPEZ-JIMENEZ 2015; BAYON ET AL. 2016). However, even 
numerical models have difficulty predicting some hydraulic jump features such as aeration and 
recirculation length (MURZYN AND CHANSON 2009). Despite limitations, numerical models 
currently offer the lowest barrier to entry to studying hydraulic jumps.  
Even though 2D and 3D numerical hydraulic modeling are becoming more accessible and 
accepted. For general river engineering projects, 1D numerical hydraulic models are still the 
common standard. Of all the possible factors that influence the flow pattern and corresponding 
subtype of hydraulic jumps, it is believed that incoming Froude number and relative tailwater level 
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are the most important. By studying a range of Froude numbers and submergence ratios it would be 
possible to categorize types of hydraulic jumps as well as estimate characteristics of what a 
hydraulic jump might look like using outputs from a less complex 1D numerical model. This study 
aims to use computational fluid dynamics (CFD) tools to perform a detailed study of how the Fr and 
depth ratio affect the flow patterns of hydraulic jumps, specifically which subtypes occur for certain 
values of Fr and h1/h0. 
METHODOLOGY 
Geometry 
A backward facing step was used as a simplified drop structure geometry.  In this manner, 
supercritical flow enters the domain at the inlet, flows across the flat step, which represents the 
plane of the downstream crest of the drop structure. The water level at the outlet forces a return to 
subcritical flow.  For a real drop structure, the structure forces subcritical flow from the inlet to 
backwater until water beings flowing down the structure accelerating to supercritical flow before 
abruptly transitioning into the subcritical pool below.  Choosing the backward facing step geometry 
removes the need for the water to accelerate down the structure to attain supercritical conditions, a 
supercritical inlet can be specified. By using a horizontal flat bottom on the step, it is easier to force 
a specific Froude number at the inlet since the fluid does not accelerate further due to gravity. This 
configuration allows the step width to be increased to move the location of the hydraulic jump 
further away from the inlet to minimize boundary effects on the hydraulic jump.  
 
Figure 1: Simulation Schematic 
Numerical Tools 
For the numerical model, the freely-available open source platform OpenFOAM Version 6 
was selected. A hydraulic jump is an incompressible, multi-phase, turbulent problem and selected 
solver must reflect that. Within the OpenFOAM framework the interFOAM solver was selected 
since it is capable of resolving transient, incompressible multiphase flow (MARIĆ ET AL. 2014). 
While a variety of turbulence models can be used with the interFOAM solver, this work will utilize 
Reynolds-Averaged Navier-Stokes (RANS) turbulence models. OpenFOAM/interFOAM are 
gaining popularity for multi-phase simulations. Bayon et al. (2016) compared OpenFOAM to 
FLOW3D, a commercial CFD code, and found that OpenFOAM is better at reproducing the flow 
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structure of a hydraulic jump. 
Boundary Conditions 
Table 1 summarizes the boundary conditions used for the model. 
Table 1: Boundary Conditions Summary 
 Alpha U P_rgh K Omega 
Inlet Fixed value Fixed Value Fixed Flux Pressure Fixed value Fixed Value 
Outlet Inlet Outlet Inlet Outlet Total pressure Inlet Outlet Inlet Outlet 
Wall Zero Gradient No-slip Fixed Flux Pressure Wall Function Wall Function 
Atmosphere Inlet Outlet Pressure Inlet Outlet Velocity Total Pressure Inlet Outlet Inlet Outlet 
Fixed values for velocity and turbulence are imposed at the inlet to force supercritical conditions. A 
total pressure boundary is imposed on the outlet forcing hydrostatic pressure. The total pressure 
boundary at the outlet allows the volume of fluid in the domain to adjust rather than specifying a 
velocity outlet. Turbulent wall functions were used and will be discussed further in the next section.  
Mesh & Sensitivity Analysis 
A uniform, structured mesh where all mesh elements are orthogonal tetrahedrals was used 
since the block structure of a backward facing step is easy to produce with a structured mesh. A 
mesh refinement study was performed to minimize discretization error for the main simulation set. 
All meshes are uniform structured meshes where dy = dz. To reduce computation time, all 
simulations are 2D where the X direction is not computed. Seven mesh sizes in meters were 
studied: [0.18, 0.065, 0.039, 0.023, 0.014, 0.008, 0.005]. As the mesh size decreases, the resolution 
of the free water surface increases, but so does simulation time due to increasing the number of 
cells. The smaller cells require a smaller time step to satisfy the Courant condition. Table 2 
summarizes the mesh sensitivity results. 
Table 2: Mesh Sensitivity Analysis 
Figure 2 plots the resulting water surface elevation profile 
for each mesh resolution. For turbulent, high Reynolds 
number flows, there are high velocity gradients and viscous 
effects are important near the wall (POPE 2000). Certain 
turbulence models are only valid in regions of fully 
developed turbulence, and do not perform well close to the 
wall where viscous contributions are important. Rather than 
refine the mesh to adequately capture the viscous sublayer, 
wall functions can be implemented to reduce the 
computational cost of resolving near wall effects. Wall 
functions rely on the universal law of the wall, or log-law 
Δx Total Cells Number of Vertical Cells y+ 
0.3 569 2 6419 
0.18 1,470 3 4770 
0.065 11,396 8 1997 
0.039 31,168 13 2056 
0.023 89,947 22 1465 
0.014 242,760 36 926 
0.008 741,250 62 545 
0.005 1,900,000 100 339 
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relations, where the first computational grid cell next to the wall boundary must fall in the log-law 
region (POPE 2000). The non-dimensional distance to the wall, or y+, is used to see what flow 
region computational cells fall in. For RANS turbulence models the log-law region falls between    
 
Figure 2: Mesh Refinement Analysis 
30 < y+ < 500 (VERSTEEG AND MALALASEKERA 2007). Due to computational cost and 
simulation time, a uniform mesh size of 0.014m was used since figure 2 shows the water surface 
elevations converging to a common profile. The implications of using this mesh size and y+ will be 
revisited in the validation section of the results. 
Resolving Turbulence 
Due to uncertainties with turbulence parameter estimation and specific weaknesses inherent 
to turbulence models an uncertainty analysis was performed for both turbulence models and 
turbulence parameters to see how each impacted the resulting water surface profile. A base case of 
Fr= 1.75 was used and different turbulent model and turbulent parameter combinations were 
simulated. Only RANS models were used because of widespread use in industrial problems and 
reduced computation time. The k-ε, RNG k-ε, k-ω and k-ω-SST were the turbulence models 
selected for this study. Initial turbulence variables were calculated from equations 1 thru 3 (MARIC 
ET AL. 2014).  Where k is the turbulent energy [m2/s2], U is mean flow velocity [m/s], I is the 
turbulence intensity [%], ε is the turbulent dissipation rate [m2/s3], Cμ is a turbulent model constant, 
l is the turbulent length scale [m], and ω is the specific turbulence dissipation rate [1/s]. A mixing 
length of 0.001m, a turbulent intensity of 5%, and a turbulent model constant of 0.09 was assumed.  
𝑘𝑘 =  3
2
(𝑈𝑈𝑈𝑈)2  (1) 
ε =  𝐶𝐶𝜇𝜇 𝑘𝑘23𝑙𝑙   (2) 
𝜔𝜔 =  √𝑘𝑘
𝑙𝑙
  (3) 
Additionally, the turbulence parameters were varied one order of magnitude greater and less than 
the initial calculated value to yield the following sets of parameters: k [0.0055, 0.055, 0.55], ε 
[0.118, 1.18, 11.8], and ω [23.57, 235.7, 2357]. The results of the turbulent sensitivity analysis 
showed little differences between the k-ε, k-ω, and k-ω-SST turbulence models. The RNG k-ε 
model did predict a small SRR. Variation in turbulence variables had little effect on the resulting 
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water profile. Based on the results of the turbulence sensitivity analysis, the k-ω-SST turbulence 
model was used moving forward, primarily to avoid known deficiencies of k-ε based models 
resolving curvature and adverse pressure gradients near the wall as mentioned by POPE (2000). 
Computational Resources 
The numerical simulations were computed on a 2 x 16 core AMD EPYC 7301 with a clock 
speed of 2.2 GHz and 128GB of RAM. The total computational cost varied due to use of adaptive 
time stepping.  The Fr=3.0 required both a larger domain and smaller time step than the Fr=1.2. 
Total computational cost varied from approximately 1756.8 core*hours to 2316.9 core*hours. Since 
the simulation was run in parallel with 32 subdomains, the real computation time varies from 54.9 
to 72.4 hours.  
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Figure 3: Types of Hydraulics Jumps. Left schematic source 
(OHTSU AND YASUDA 1991). Center flume study source 
(MOSSA ET AL. 2002). Right CFD profile from this study 
Classification of subtypes 
Figure 3, to the left, 
summarizes different subtypes 
of hydraulic jumps where 
sketches, flume study images 
and CFD simulation data 
distinguish each subtype. The 
schematic images in the left 
column came from (OHTSU 
AND YASUDA 1991). The 
center column flume study 
images came from (MOSSA 
ET AL. 2002). The right 
column images came from this 
study, where the most 
representative image was 
selected from the range of 
simulations. From these 
classifications, qualitative 
flow features were identified 
that are unique to each 
subtype of hydraulic jump. 
Table 3 below summarizes the 
qualitative flow features used to categorize each subtype of hydraulic jump.  
 
Table 3: Qualitative Flow Feature Summary 
  Tailwater Height 
Horizontal Location  
of Hydraulic Jump High Velocity Jet Recirculation Region 
A Jump Greater than incoming flow Upstream of step 
Jet is deflected upward 
and diffused by aerated 
recirculation region 
Primary hydraulic jump  
is an aerated SRR 
Wave 
Jump 
Greater than 
incoming flow Centered on step 
Jet persists past primary  
hydraulic (wave) and is 
dissipated by the aerated 
recirculation region of the 
secondary hydraulic jump 
Large submerged  
recirculation region under the 
primary hydraulic jump 
(wave). Secondary hydraulic 
jump is a large aerated SRR 
Undular 
Jump 
Greater than 
incoming flow Downstream of step 
Jet persists downstream 
 undulating on the surface, 
until gradually dissipated 
No SRR, submerged 
recirculation region located 
under supercritical jet 
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B Jump 
Less than or 
greater than 
incoming flow 
Downstream of step 
Jet plunges downward off 
the step and is dissipated 
by the aeration 
recirculation region 
Primary hydraulic jump is a 
large, aerated SRR 
B Jump 
Limited 
Less than or 
greater than 
incoming flow 
Downstream of step 
Jet plunges downward off 
the step but persists and 
travels horizontally along 
the bed, under the aerated 
recirculation region before 
being dissipated 
Primary hydraulic jump is a 
large, aerated SRR 
RESULTS AND DISCUSSION 
Validation 
A validation case was created from experimental data collected from KAWAGOSHI AND 
HAGER (1990). Test series B, case ID 3-2 was selected because it had the thickest flow depth to 
reduce scale effects.  The incoming Froude number is 3.02 and the step height ratio (Sh/h0) is 3.2. 
The first validation run featured the uniform mesh size of 0.014m. The resulting wave crest and 
plunge point significantly differed from experimental measurements so the wall treatment was 
revisited. For Fr=3.02, and a uniform mesh, the average y+ on the step was found to be 950. A 
second simulation was created where boundary layers were added to the step surface to increase the 
near wall resolution. The addition of the boundary layers in the mesh decreased the y+ to 49 and the 
predicted wave crest and plunge point better match the experimental data as seen in Figure 3. The 
revised mesh under predicted the horizontal location of the wave crest by 4.3% and over predicted 
the crest height by 5.9%. The horizontal location of the plunge point was under predicted 
 
Figure 3: Validation Profile 
by 5.9% and over predicted the plunge point elevation by 2.2%.  Despite differences between 
properly resolved boundary layers for predicting wave crest location, there were no differences in 
the resulting subtype of hydraulic jump for each submergence ratio for a given Froude number. 
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Figure 4: Froude Number and Submergence Ratio Summary 
Froude Number and Submergence Ratio Simulations 
For the primary Froude 
number and tailwater analysis, 
a submergence ratio (SR) 
calculated, h1 / h0 was used to 
separate the step height from 
the tailwater height. To do 
this, the elevation of the top of 
the step is used as the datum 
(see Figure 1). For all 
simulations a step height ratio 
(Sh/h0) of 2.0 was used, which 
differs from the validation 
case. For the study, the 
following SR’s were studied 
[1.25, 1.5, 1.75, 2.0, 2.25, 2.5, 
2.75, 3.0 3.25 3.5 3.75 4.0]. 
These submergence ratios 
were simulated for each of the 
following Froude numbers 
[1.2, 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 
2.6, 2.8, 3.0]. Figure 4 shows 
the results of the Froude 
number and SR analysis where 
for each unique combination 
of Froude number and SR the 
hydraulic jump subtype has 
been identified according to the characteristics described in Table 3. From Figure 4 two trends can 
be observed. The first is the general progression of hydraulic jump subtypes as the SR is increased. 
It is seen that hydraulic jumps transition from B limited jump > B jump > undular jump > wave 
jump > A jump as the SR increases. The figure also shows how as Froude number increases, the SR 
for which a give subtype transitions increases as well. When looking at the data in Figure 4, it 
should be noted that these are discrete points and the exact boundary between two different 
subtypes of hydraulic jumps is not explicitly known. Also of note is the tendency for hydraulic 
jumps to oscillate between two different types as observed by MOSSA ET AL. (2002), it’s unknown 
how accurate CFD is at capturing the transition region between two subtypes. 
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CONCLUSIONS 
This study shows that CFD is capable of resolving five different subtypes of hydraulic 
jumps that form at a backward facing step. A wave type jump simulation was validated with 
experimental data from KAWAGOSHI AND HAGER (1990). With a properly resolved y+, numerical 
simulations accurately predict wave crest and plunge point with < 6% error. As predicted, Froude 
number and submergence ratio are significant factors in determining the type of hydraulic jump that 
form. Unique combinations of each are able to form different subtypes of jumps. As the 
submergence ratio increases for a given Froude number, the hydraulic jumps transition from a B 
limited jump > B jump > undular jump > wave jump > A jump until becoming submerged. These 
jumps correspond to types identified in laboratory flume tests. As incoming Froude number 
increases, the submergence ratio that produces each type of hydraulic jump increases as well.  
For recreational considerations, the undular and wave jumps are safe hydraulic jumps 
because they do not have a primary surface recirculation region. Not to say that all hydraulic jumps 
with a SRR are dangerous, there may be cases with low Froude numbers where a SRR is beneficial 
for recreation. There are large uncertainties regarding the use of CFD to predict recirculation 
regions. At the present time, it is not possible to determine safety using CFD alone.  
NOMENCLATURE 
CFD  Computational Fluid Dynamics 
RANS  Reynolds-Averaged Navier-Stokes 
RNG  Re-Normalization Group 
SR  Submergence Ratio 
SRR  Surface recirculation region 
SST  Shear Stress Transport 
UHJ  Undular hydraulic jump 
VOF  Volume of Fluid 
k  Turbulent Kinetic Energy 
ε  Dissipation rate of turbulent kinetic energy 
ω  Specific dissipation rate of turbulent kinetic energy 
h0   Inlet water depth 
h1   Outlet water depth 
Fr   Froude number 
Sw   Step width 
Sh   Step height 
y+  Dimensionless wall distance 
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